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Abstract. We investigate the scattering theory for the nonlinear Schro 
dinger equation id t u+ Au+\\u\ a u = in E = // 1 (K d )nL 2 (|j:| 2 ; dx). We 
show that scattering states u exist in E when ad < a < gra, d > 3, 
A £ K with certain smallness assumption on the initial data uo, and 
when a(d) < a < ^2 (a € [a(d), 00), if d = 1, 2), A > under suitable 
conditions on Mo, where ay, a(d) are the positive root of the polynomial 
dx 2 + dx — 4 and dx 2 + (d — 2)x — 4 respectively. Specially, when A > 0, 
we obtain the existence of in E for uq below a mass-energy threshold 
M[«o] CT S[u ] < X~ 2t Af[Q] CT E[Q] and satisfying an mass-gradient bound 
\\u \\l 2 \\Vu \\ L 2 < A-lQHi2||VQ|U2 with I < a < ^{a e (|,oo), if 
d — 1,2), and also for oscillating data at critical power a = a(d), where 
a ~ 4 ~id-4 " 1 r = ad- a an< ^ Q * s t fle ground state. We also study the 
convergence of u(t) to the free solution e u in E, where it is the 
scattering state at ±00 respectively. 
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1. INTRODUCTION 

In this paper we study the scattering theory for the nonlinear Schrodinger 
equation 

, v f id t u + Au + \\u\ a u = 0, t £ 1, x e f d 

^ ' ' \ u(0,x) = u (x) G S, x G K d 

in weighted space £ = .ff^R^) n L 2 (|x| 2 ; <ix), where e? denotes the spatial 
dimension, A G R \ {0} and < a < (0 < a < 00 if d = 1, 2). 

As is well-known, if A < 0, or A > and a < 4/cZ, the unique solution 
u(t) to the Cauchy problem (jl.ip is global in time and bounded in if 1 (M d ), 
and u G C(R,£) (see e.g. 13J). IfA>0, |<a<^ ( 4 / d < a < 00, if 
<i = 1,2), the local well-posedness in £ has been established by using Kato's 
fixed point method to the equivalent integral equation(Duhamel's formula) 

(1.2) u{t) = e itA u + iX f e i{t - T ^\u(T)\ a u(T)dT, 

Jo 
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in an appropriate space (see [HI [8], [TO]), where (e )teM is the one parameter 
Schrodinger group. More precisely, given uo G E, there exists T > and 
a unique solution u G C([— 5, T],S) of f|l . 1 jl . which can be extended to a 
maximal existence interval (— T m i n , T max ). This solution either exist globally 
or blow up in finite time, the global versus blow-up dichotomy is associated 
inseparably with the mass-energy threshold condition of the initial data 
i*o (see [SI El El EEl]). Moreover, for arbitrary no G S, the corresponding 
solution u(t) satisfies the mass and energy conservation laws: 

(1.3) M[u{t)} = \u(t,x)\ 2 dx = M[u }, 

(1.4) E[u{t)} = \[ \Vu(t,x)\ 2 dx-^— [ \u(t,x)\ a+2 dx = E[u ], 
and the pseudo-conformal conservation law 

(1.5) 1(110* + 2itV)u(t)f L2 - ^\\ u {tW L il 2 ) = AX^^t\\u(t)\\ a L i 2 +2 . 

Thus we will denote the mass and energy by M[u] and E[u] respectively, 
with no reference to the time t. 

If the solution u{t) is global in time, we will care about its asymptotic 
behavior as t — > ±oo. To state our results on this topic, we will introduce 
some basic notions of scattering theory (see [3]) below. 

Let % E S be such that the corresponding solution u of (jl.ip is defined 
for all t > 0, i.e., T max = oo. If the limit 

(1.6) u + = lim e- itA u(t) 

t— >+oo 

exists in S, we say that u + is the scattering state of uo at +oo. Also, 
if uq £ T, is such that the solution of (jl.ip is defined for all t < 0, i.e., 
T m in = oo, and if the limit 

(1.7) u~ = lim e- itA u(t) 

t— >— oo 

exists in S, we say that u~ is the scattering state of uq at — oo. 

We observe that saying that uq has a scattering state at ±oo is a way of 
saying that u(t) behaves as t — > ±oo like the solution e^^u^ of the linear 
Schrodinger equation. We set 

(1.8) 1Z + = {uq G S : T max = oo and the limit (|1.6p exists} 
and 

(1.9) 1Z- = {uq G S : T m i n = oo and the limit (|1.7j) exists}, 
which denote the set of initial values uq that have a scattering state at ±oo. 

Remark 1.1. We can see that changing t to — t in the equation (jl.ip corre- 
sponds to changing u to u, which means changing uq to uq. So we have 

1Z- = TZ+ = {uq G X : Uq £ 11+}. 
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The scattering theory for (11. ip in weighted space £ has been quite ex- 
tensively studied (see [21 El [HI H71 [20l EI]). It is well-known that if 
a < \ i then no scattering theory can be developed for equation (see 
[20]). In the defocusing case A < 0, low energy scattering theory holds in 
£ provided 4/(d + 2) < a < 4/ (d - 2)(2 < a < oo, if d = 1). More- 
over, if a > a(d) = 2 ~ rf +v / ^+ 12rf + 4 ? then scattering theory holds in whole £ 
space(see [8j HH [21] ) , and we notice that the asymptotic completeness for 
| < a < a(d) was established recently in [18]. For the focusing case A > 0, 
to our best knowledge, there is only a little positive answers, there is no low 
energy scattering if a < 4/(d + 2), but when a > 4/(d + 2), a low energy 
scattering theory holds in £(see [2]). If a > 4, some solutions will blow up 
in finite time. 

In this paper we are mainly concerned with the scattering theory in £ for 
focusing NLS, but we also study the convergence of a global solution u(t) 
of ([Lip to the free solutions generated by its scattering states u^ 1 in S, our 
main results is Theorem 13.11 15. 1| 15. 3[ 15. 4[ I5.6[ 15.71 16.21 and Corollary 15.51 

The content of our paper can be mainly divided into four parts. 

1. Cazenave and Weissler have proved in [2] that if a > an d II lis 
is small, then scattering states exist in £ at ±oo. They also have shown 
in [2] that if A > 0, a < jt^, then the scattering theory for small data in £ 
fails, there are initial values uq G E with arbitrary small norm ||uo||s that 
do not have a scattering state, even in the sense of L 2 (M. d ). However, by 
applying the pseudo-conformal transformation and studying the resulting 

nonautonomous NLS, for A G K \ {0}, d > 3, uq G E, let vq = e ~uq, 
we show in Theorem 13.11 that if a > ad = ~ d+ ^d^+ wd an( ^ u ^ - g suc ] :1 
that ||fo||,f/ 2 is small enough, then scattering states exist in E at ±oo. 
Note that d > 3, max{|, -^g} < ad < -A^, thus Theorem 13.11 extends the 
scattering theory for small initial values to the range ad < a < -A^- 

2. Next, we consider the scattering theory for the focusing NLS with a > 
a{d) = 2 - rf WcP+i2rf+4 ^ Q^viQug th a t this problem is closely associated 
with the decay property of the solution u(t). Cazenave and Weissler have 
proposed in [2] a notion of "positively rapidly decaying solutions" (i.e., a 
positively global solution u of (jl.ip which satisfies ||it||ia(( ,oo),L a + 2 ) < °°> 
where a = ^"j^j) , < a < -g^, and < a < oo, if d = 1, 2), and 
characterized the sets 1Z± in the case A > 0, a > a{d) in terms of rapidly 
decaying solutions (refer to [2], Theorem 4.12). But we can see that if a < 
a{d), the rapidly decaying solutions should decay faster than the optimal 

rate t 2 ( a + 2 ) as t — > +oo, that's impossible unless u = 0(see [2], Proposition 
3.15). Thus we give a refined definition of Rapidly Decaying Solution below: 

Definition 1.2. Suppose a(d) < a < (a{d) < a < oo, if d = 1, 2). A 
positively global solution u of (jl.ip is rapidly decaying if 

(1.10) IMIl°.°°((o,oo),L"+2) < oo, fora = a(d); 
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(1.11) II u IIl«((o,oo),L"+ 2 ) < o°, / or « > &{d)\ 

where a = ^^r^y, and || • ||.z,o>oo denotes the weak L a norm. Correspond- 
ingly, we say a negatively global solution u of (jl.ip is rapidly decaying if it 
satisfies (jl.lOp or (jl.lip with the time interval changed into (— oo, 0) respec- 
tively. 

In Theorem 15.31 we show that if a = a(d), d / 2, the positively(resp. 
negatively) rapidly decaying solutions have scattering states at +oo(resp. 
— oo), and we characterized the sets 7Z± for A > in terms of rapidly de- 
caying solutions in Theorem 15.61 Our method is mainly based on the lower 
bound estimate of the L a+2 norm for singular solutions to the following 
nonautonomous equation defined on time interval [0, 1): 

(1.12) id s v + Av + X{l-s) £ ^\v\ a v = 0. 

We will prove in Corollary 15.51 that if a = a(d), then for arbitrary ip G 
H 2 n ^(H 2 ) C E, given 6 £ 1, and let Uf, be the corresponding global 

■ b\x |^ 

solution of with the initial value u^o = e lA (e l ^^~ p) G E, there exists 
< bo < oo such that if b > &o( r esp. b < —bo), then the global solution Ub 
is positively(resp. negatively) rapidly decaying, therefore scattering states 
il£ exist at +oo and u^q G 7£ + (resp. u^ exist at — oo and u^q G 1Z-). 
Moreover, a byproduct is the sets 1Z± are unbounded subsets of L 2 (M d )(see 
Theorem I5.6I) . 

3. We also investigate the scattering theory in E under certain suitable 
assumptions on initial data uq (see Theorem I5-H Theorem I5.4I and Theorem 
I5.7p . Specially, note that for 4 < a < there are a lot of literature 
devoted to the scattering theory for focusing NLS in H 1 (M. d ) for initial data 
u G H x {SL d ) below a mass-energy threshold and satisfying an mass-gradient 
bound (see Kenig and Merle |llj . Killip and Visan [T3j for the energy-critical 
case a = -j—n, [5] and [7] for the 3D cubic case, and [6] for the general 
energy-subcritical case). We will show in Theorem I5.7I that if A > 0, -j < 
a < -£j2^ a e (t>°°)> ^ ^ = 1>2), assume uq G E below a mass-energy 
threshold M[u } a E[u ] < X' 2T M[Q] a E[Q] and satisfying an mass-gradient 
bound 1 1 no | |J 2 1| Vuolli 2 < ^~ r ||Qll£2 ||VQ||^2 , then scattering states u^ 1 exist 

in E at ±oo, where a = 4 , t = a 2-A anc ^ Q * s * ne g roun d state 

solution to -AQ + Q = \Q\ a Q. 

4. Finally we study the asymptotic behavior of \\u(t) — e ir^ls under 
the assumption exist at ±oo. In general, since e ltA is not an isometry 
of E, it is not known whether we can deduce \\u(t) — e^^u^Ws — > from 
the scattering asymptotic property \\e~ ttA u(t) — u^Hs — > 0. A positive 
answer has been given by Begout [lj for d < 2, a > 4, and 3 < d < 5, 
a > ^pj. Our paper extends this result under certain suitable conditions 
on uq. Theorem 16.21 will show that if we assume uq G E n W 1,p ' , then we 
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can obtain the convergence \\u(t) — e Ji^fs — > for 3 < d < 9, a > 3^5, 

Where P = 2d-ffd-2) ■ 

The rest of the paper is organized as follows. In Section 2, we will give 
some preliminaries and notations. In Section 3 we will prove Theorem 13.11 
for the small initial data scattering and in Section 4 we prove a lower bound 
estimate for the L a+2 norm of singular solutions to the nonautonomous 
equation (|1.12p . Section 5 is devoted to some £ scattering results for (jl.ip 
in the focusing case with a > a(d) and Section 6 to the study on the as- 
ymptotic convergence of the scattering solution to a free solution in E. 



2. Notations and preliminaries 

2.1. Some notations. Throughout this paper, we use the following nota- 
tion, z is the conjugate of the complex number z, 3lz and Qz are respectively 
the real the imaginary part of the complex number z. All function spaces 
involved are spaces of complex valued functions. We denote by p' the con- 
jugate of the exponent p G [1, 00] defined by | + ^ = 1, and LP = L p (R d ) = 

LP(R d ;C) with norm || • \\ LP ; H 1 = H 1 ^*) = H 1 (R d ;C) with norm || • \\ m ; 
and for all (/,<?) G L 2 x L 2 , the scalar product (f,g)i 2 = ^ Jjod f( x )g(x)dx. 
Let Lf (R, L^(M. d )) denote the mixed Banach space with norm defined by 

NUw) = (/ (/ Ht, x )\ r dxy/ r dt)V«, 



with the usual modifications when q or r is infinity, or when the domain 
K x W 1 is replaced by a smaller region of spacetime such as I x M. d . In what 
follows positive constants will be denoted by C and will change from line 
to line. If necessary, by C(*, • • • ,*) we denote positive constants depending 
only on the quantities appearing in parentheses continuously. 

We denote by (e** A )i g R the Schrodinger group, which is isometric on H s 
and H s for every s > 0, and satisfies the Dispersive estimate and Strichartz's 
estimates(for more details, see Keel and Tao [12J). We will use freely the 
well-known properties of of the Schrodinger group (e** A )t e R (see e.g. Chapter 
2 of [3j for an account of these properties). In convenience, we will introduce 
the definition of "admissible pair" below, which plays an important role in 
space-time estimates. 

Definition 2.1. We say that a pair (q,r) is admissible if 

I = S(r) = d{\ - -) 
q 2 r 

and 2 < r < ^ (2 < r < 00 if d = 1, 2 < r < 00 if d = 2). Note that 
if (q,r) is an admissible pair, then 2 < q < 00, the pair (00, 2) is always 
admissible, and the pair (2, ^4j) is admissible if d > 3. 
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2.2. Generalized Holder's and Young's inequality in Lorentz spaces. 

Our paper involves estimates in the general Lorentz spaces L p ' q (0 < p < 
oo, < q < oo) equipped with the norm 

\\f\\L^(x,,) = P 1/q \\\K{\f\ > A}) 1/p || i9(R+jf ) 

(refer to [TU] for a review). A special case is the weak LP space L p,oo (0 < 
p < oo) with norm defined by \\f\\LP,™{x,») = sup A>0 A^({|/| > A}) 1/p . An 
useful formula is for any < p, r < oo and < q < oo, 

If / : 1R + — >• M + is a monotone non-increasing function, we have 

(2-2) = II/(*)* 1/p IIl«(r+ *)• 

Below we give the refined Holder's and Young's inequality for Lorentz spaces 
due to 0'Neil(see [19]and [H] for the proof). 

Lemma 2.2. // < pi,p 2 ,P < oo and < qi,q 2 ,q < oo o&ey i = ^- + ^ 

and \ = « + «' then 

(2.3) <C||/|| lp1 , w || 5 || L p 2 , 92 . 

// 1 < pi,P2,P < oo and 1 < q±,q 2 ,q < oo o&ey 1 + ~ = i + i and 
- = — + — , i/ien 

9 9i 92 ' 

(2.4) ||/*0||lp.« < C||/||iPi,n||3||iP2.92. 

If we use (|2.4p with q = q 2 = 2 and gi = oo instead of the Hardy- 
Littlewood-Sobolev inequality, we obtain the following Strichartz's estimate 
in Lorentz spaces. 

Lemma 2.3. we have the following properties: 

l|e* A >||i,<i,2(R ) ir) < C||^|| L2 for every ip G L 2 (R d ); 



At T ) A /(r)dr|| I/Sj 2( /)L r.) ni a ( /)i 2) < C||/||_ L9 / l2 ( J) _ L r'), 



for every f G L«'' 2 (J,2/'(K d )) and some constant C independent of I, where 
(q,r) is a admissible pair, 2 < q < oo, I is an interval ofM. such that G I. 

2.3. Properties of the operator P t = x + 2itV. Let P t be the partial dif- 
ferential operator on M. d+l defined by Ptu(t, x) = (x + 2itX7)u(t, x). Operator 
Pt has the following important commutative properties: 

(2.5) [P t ,id t + A] = 0, 

(2.6) P t e itA = e itA x, e~ itA P t = xe~ itA , 

Where [•, •] is the commutator bracket. An easy calculation shows that if 
t / 0, then 

(2.7) P t u = (x + 2itV)u = 2ite i ^rV{e~ i ^ru), 



SCATTERING THEORY FOR NLS IN WEIGHTED SOBOLEV SPACE 



7 



and so 

||(a; + 2itV)u\\ 2 L 2 = 4t 2 ||V(e-^u)||^ 2 . 
Let i>(t, x) = e '« u(t,x), it follows from (|2.7p that 

\P t (\u\ a u)\ = 2\t\\V(e- ilj £\u\ a u)\ = 2\t\\V(\v\ a v)\. 

From the above identity, (12. 7p and Holder's inequality, it follows that for 
any 1 < p, q, r < oo such that - = ~ + ~, 

(2.8) ||P t (|u| a u)|| L r < C|*||Ml£i»l|Vt;||w < C||«||2p||P t u|| £< . 

2.4. Applications of the Pseudo-conformal Transformation. We will 
investigate the scattering problem for (jl.ip by applying the pseudo-conformal 
transformation (see Chapter 7 in |3j for a review). By Remark 11.11 we can 
mainly concern about positively global solution u(t) defined on (0, +oo), the 
scattering problem for t — > — oo can be treated similarly, 
we consider the variables (t, x) G M. x M d defined by 

s y t x 

(2.9) t = , x = , or eqmvalently, s = , y = . 

1 — s 1 — s 1 + t 1 + t 

Given < a < b < oo and u defined on (a, b) x R rf , we set 

\y\ 2 M 2 

(2.10) v(s,y) = (l-s)-lu(^-f— ,y^— s = (l + t)iu(t,x)e~ i ^+ T ) 

for y G M rf and < s < -j^. In particular, if u is defined on (0,oo), then 
v is defined on (0, 1). One easily verifies that u G C([a, b], S) if and only if 
v G C([j^, ^],5])(0 < a < b < oo are given). 

Furthermore, a straightforward calculation shows that u satisfies (jl.ip on 
(a, 6) if and only if v satisfies the nonautonomous Cauchy problem 



(2.11) 



id s v + A y v + A(l - s)^~\v\ a v = 0, s > 0, y G 

|x| 2 

u(0,y) = v (y) = n (x)e- 4 — G S, y G M d 



on the interval (jt^, jt^)- Note that the term (1 — s) 2 is regular, except 
possibly at t = 1, where it is singular for a < -j. Moreover, the following 
identities hold: 



(2.12) || W ( S )||^ + 2 2 = (l + t)^||u(t)||^ + 2 2 , /or/3>0, 

(2.13) IIVU00I& = J||(x + 2s(l + i)V)«(t)||f 2j 

(2.14) \\Vu(t)\\ 2 L2 = \\\(y - 2i(l - S )V)^( S )||| 2 . 
Hence if we set 

= ^l|V^)||i 2 - (1 - s)^^\\v(sW L i 2 +2 , 
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E 2 {s) = (1 - s)^ l -\\Vv{s)t L * - -±_\\ v (s)\\Ztl 2 , 
it follows from the the pseudo-conformal conservation law for (jl.ip that 

(2.15) ^(s) = -(1 - s^^-^Hs)^, 

(2.16) ^2( S ) = (l-^^l|V,( S )||i, 

By applying the fixed point theorem in an appropriate space to the following 
equivalent integral equation for the nonautonomous equation (|2.1ip 

(2.17) v(s) = e isA v + iX [' e i(s " T)A (l - T)^\v{r)\ a v(T)dT, 

Jo 

Cazenave and Weissler obtained the following local well-posedness result for 
(|2JT|) in [2] (see [3] or [2], Theorem 3.4 for the proof). 

Theorem 2.4. Assume that A £ R, 
4 4 

(2.18) < a < (2 < a < oo, if d = 1). 

v ; d + 2 d-2 y J ' 

It follows that for every sq G R and ip G S, there exist S m (so,ip) < so < 
5'm(sO)'0) and o- unique, maximal solution v G C{(S m , Sm), £) of equation 
\2.11\) . The solution v is maximal in the sense that if Sm < °° (respectively, 
S m > —oo), then \\v(s)\\ H i — )• oo as s f Sm (respectively, s 4- 5* my ). /n 
addition, if Sm = 1? ^en liminf^xKl — s^H?; (s)||#i} > ura£/i <5 = — ^ 
if d > 3, 5 < 1 - ± if d = 2, and 5 = ± - ± if d = I. 

The following useful observation indicates the inseparable relationship 
between the asymptotic behavior of u(t) as t — > +oo and v(s) as s — > 1 (refer 
to [2], Proposition 3.14 for the proof). 

Proposition 2.5. Let u G C([0, oo),S) be a solution of equation and 
let v G C([0, 1), £) be the corresponding solution of \2.11\) defined by \2. 10\) . 
It follows that e~ itA u(t) has a strong limit in £ as t — > oo if and only ifv(s) 
has a strong limit inT, as s f 1, in which case 

(2.19) lim e-^u^) = e^e _iA t;(l) in £. 

t— >00 



3. SCATTERING FOR SMALL INITIAL DATA 

In this section we consider the scattering theory in £ for small initial 
values uq under the assumption that A G R \ {0}, a < Note that if 

A > 0, a < gr^, there are initial values no G X with arbitrary small norm 
|| no ||s that do not have a scattering state, even in the sense of L 2 (R rf )(see 
[2]). We obtain the following result. 
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Theorem 3.1. Assume rf > 3, A G 1 \ {0}, ad < a < -jz^,, where ad = 
-d+Vd?+ i§d ^ Then there exists Sq > with the following property. Let 

■ I a: 1 2 

uq E H 2 nJ-(H 2 ) C S, vq = e~ l ~uo and letu be the corresponding maximal 
solution of (fJ.jj) . 7/||?;o||#2 < £q (assuming further ||uo||#i < £0 when A > 0, 
ol > 2)1 then the solution u is global and scatters as t — > ±00. 

Proof. For the prove of the scattering properties, we deal with only the 
positive time t —> +00, since t —> —00 can be treated in the same way. Under 
the assumptions of Theorem 13.14 it is well known that there exists £0 > 
such that the solution u of Cauchy problem (jl.ip is global and bounded 
in H l (M. d ), moreover, u G C(R, £). Thus we have v(s,y) (the Pseudo- 
conformal Transformation of u(t,x), see Section 2 for a review) defined by 
(|2.10p satisfies the following nonautonomous integral equation 

(3.1) v(s) = e isA v + iX /V S - T)A (1 -T)^\v{T)\ a v(T)dT 

Jo 

on the interval (0, 1), and v E C([0, 1), E). 
Let (7, p) be the admissible pair defined by 

(3.2) 7 = %±4, P - dia + 2) 



a(d — 2) ' d + a 

and index p* = ^p^. One easily verifies that = f + \ and L p * (R d ) <-> 

W 1,p (R d ). Therefore, by applying the dispersive estimates(see |3j) and 
Holder's inequality to the integral equation (|3.ip . we have 



\\Vv(s)\\ LP < ||V(e^^ )|Up + Cf*(l - r)^(s - r)~? ||t;(t)||« p . ||V<t)|| l , 
< qivollfl, + C/ '(l - r)^( S - r)"f llV^r)^ 1 ^. 

Note that a > ay, we have 4 ~ 2 ad + ^ < 1, thus we can deduce from Holder's 
inequality that 

(3.3) f {l-T)^(s-T)~^dT <C(a,d). 
Jo 

Set 0(s) = sup r6 r 0)S ] ||Vu(t)||z,p, for < s < 1. Then we can deduce from 
the above two estimates immediately that 

(3.4) 0(g) < C\\v \\ H 2 + CG(s) a+1 for all < s < 1. 

Note that iio G -ff 2 fl F{H 2 ), one easily verifies that t>o G -ff 2 and 1; G 
C([0, 1), H 2 ), thus we have 6 G C([0, 1)) and 

(3.5) lim 0(s) = [|V«o[|lp < Clkollip. 

Applying (|3.5p . we deduce easily that if ||i>o||.h" 2 < ^0 where £0 > is suffi- 
ciently small so that (2Cso) a+1 < £0, then 

9(s) < 2C||u ||^2 for all < s < 1. 
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Letting s f 1, we deduce in particular that 

(3.6) sup ||i>(s)|| i(J * < C sup [|Vu(s)[|iP < oo. 
se[o,i) " se[o,i) 

Therefore we deduce from identity (I2.12j) the following decay estimate for 
u(t, x): 

(3.7) \W{t)\\ LP * < C(l + t)~ d ^~& for all t>0. 
Therefore, it follows from Strichartz's estimates that for every t > T > 0, 

ll«IU-r((o,t),Wi.p) < C\\u \\ H i+C{ \\u{t)\\I p Z(It) i \\u\\ LimT) ^ w i, P) 



t Q17 

7-2 . 

IPV'JII 

T 



'-2 



(3.8) + ||«(t)H2^* *") 7 ll«IU'r(Cr,t),wi.*')- 

Using (|3.7p . we get 



' ad-f-8 

\Hr)\\p <C(1 + t)-W^. 

Note that since a > a d = -d+Vd^+ied ^ we have adj _ 8 > 2(7-2). Therefore 
for T large enough, 

(3.9) C^Jjuir^pdr)^ <\. 

On the other hand, u G L°°((0, T), fT 1 (M d )) n L q ((0, T), W 1,r (R d )). There- 
fore, it follows from (13.81) and (13.91) that 



IMIlt((o,£),w 1 >") < C + « ll ti lliT((0,t),W 1 >")- 
Letting i f 00, we obtain 

[Mll,T r ((o,oo),w 1 'P) < 2 C- 

This also implies that |u| a u G L 7 '((0, 00), VF 1 ^' (M d )). Applying again Strichartz's 
estimates, one obtains the result for every admissible pair. Let Ptu = 
(x + 2itV)u, by applying Strichartz's estimates, we obtain 

f T -231 2-2 

\\Ptu\\ L y{(p,t),LP) < C\\xu \\ L 2 + C( / ||u(r)||2 P » 2 dr) 7 ||P t u|| i7((0iT)iiP) 

(3-10) + C{J ] \\u(r)\\]^ 2 dT)^\\P t u\\ L -, mt)M) 

for every < T < t. Then one concludes similarly as above that 
|| (x + 2ztV)u|| L7{ ( 0iOo)iLP) < 2C, 

and P(\u\ a u) G L 7 '((0, 00), Z/ (M d )). Therefore for < t < s, by Strichartz's 
estimates, we have 



' tA u(t) - e- isA u( S )||^ < C\\\u\ a U \\ L y {{ttSWiy) , 



x ( e - UA u{t) - e- lsA u(s))\\ L 2 < C\\(x + 2irV)\u\ a u\\ L y {{tyS)yLP > y 
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Thus, we get immediately 

\\e- ltA u{t) - e- isA u{s)\\ H i ->0, 
\\x{e- itA u{t) - e- isA u{s))\\ L 2 -)• 0, 

as i, s — > oo. Hence there exists u + G £ such that e~ ltA u(t) — > u + in £ as 
i -)• oo. □ 

Remark 3.2. Since || Vol I if 2 < C||iio||H2 n jr(^2), the smallness assumptions in 
Theorem 13.11 can be deduced from assuming that ||uo||H 2 nJ r (/i' 2 ) is small. 
Note that max{|, < < ^7^, we claim that for A > 0, there exists 
a constant K > 0, such that for any Co > K, there exists a initial data no 
satisfying ||«o||.ff 2 n.F(.H' 2 ) = Co> which do not have a scattering state, even in 
the sense of L 2 (M. d ). To see this, let 92 G £ be a nontrivial solution of the 
equation 

-A(p + (p = AMV 

Given u> > 0, set <p u (x) = uja(p(xy/uj). It follows that u w (t,x) = e Mt (p UJ (x) 
satisfies (jl.ip and does not have any strong limit as t — > ±00 in L 2 (R d ). 
One easily verifies that if a > a^, then ||<Aj|_fl-2 n jr(^2) — > 00 as uj — > 
and u — > 00, which indicates that K = inf we (o i00 ) ll t Aj||H2 n jr(^2) is attained. 
This proves our claim. Furthermore, if a < -^g, since W'fuiWH^nTiH 2 ) ~^ 
as uj —7- 0, there are arbitrary small initial values uq G H 2 n J-(H 2 ) that do 
not have a scattering state. 

4. Lower bound estimates for the singular solutions of 
nonautonomous equation 

In this section we will present a lower bound estimates for the L a+2 norm 
of the global solutions u(t, x) to Cauchy problem (jl.ip that do not scatter 
as t — > ±00 in the case A > 0. Therefore, we could deduce from these results 
that the global solution to (jl.ip with fast decay must scatter at ±00, we 
will apply the following Propositions in this Section to the investigation on 
"rapidly decaying solutions" in Section 5. 

Lemma 4.1. Assume A G K \ {0}, < a < -^(2 < a < 00, if d = 1). 
Letvo G S andv G C((S m , Sm), ^) be the corresponding maximal solution of 
\2.11\) given by Theorem \2.4\ Then if Sm(0,vq) = 1, we have the following 
lower estimate of the blowup rate 

(4.1) ||V^)||| 2 >C7(l- S r 2e 

for some constant C > and all s G [0, 1) ; where 9 = — — if d > 3, 6 
any positive number less than 1 — — if d = 2, and 6 = 1 — — if d = 1. 



Proof. By Theorem 12. 4j Lemma |4 . 1 1 holds for d>2, therefore we need only 
consider d = 1. Fix s G [0, 1). Let f(s) = A(l - s)^, for < s < 1. It 
follows from equation (j2.1ip and Strichartz's estimates that 

(4.2) IMU«»((« ,«),tfi) < C||u(s )||tfi + C'll/H^Hii^^tfi) 
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for all s G (so, 1). On the other hand, 

(4.3) IIM a u||tfi < ClNS-NLffi 

and, by Gagliardo-Nirenberg's inequality, 

(4-4) ||u|| L oo < Cll^ll^ll^ll^ 2 < C\\v\\)g. 

Therefore, we deduce from the above three inequalities (|4.2|) . (14.31) and 
(|4.4p that there exists a constant K > independent of sq and s such that 

i+- 

(4.5) IMlL°°(( So ,s)„tfi) < K\\v(s )\\ H i + if ll/H 
Now, since by Theorem 12.41 we have 

lim sup \\v(s) = oo, 

there exists s± G (so>l) such that ||u||loo/y so S1 ) = + l)||u(so)||ffi- 
Letting s = s\ in (j4.5|) . we obtain 

\\v(s )\\ H i <K((K + l)\\v(so)\\ m ) 1+ %\\f\\ LHso , Sl) , 

hence 

1 < CK(K + l) 1+ f ||u(ao)|||i(l - so) 2 ^- 
Since so G [0, 1) is arbitrary, we obtain for d = 1 that 

(4.6) ||Vu(s)|| L 2 > C(l-s)~^ 

for some constant C > and all s G [0, 1). This closes our proof. □ 

Proposition 4.2. Assume A > 0, -A^ < a < |(2 < a < 4, if d = I). Let 

uq G £ and it 6e i/te corresponding maximal solution of M.l\) . then if u is 
positively (resp. negatively) global and doesn't scatter at +oo (resp. —oo), we 
have 

(4.7) \Ht)\\ La+a >C{l + \t\)- 2J ^, 

for all t G (0, +oo) (resp. t G (—oo,0)), where 9 is defined the same as in 
Lemma \4-1\ Moreover, for d > 3, a = a(d) = 2 ~ rf + Vrf^+i2rf+4 ) we can derive 
a better lower estimate 

(4.8) \\u(t)\\ La+ 2 > C(l + \t\)-*$V [log(l + \t\)]^, 
for all t G (0, +oo) (resp. t £ (— oo,0)). 

Proof. We will only deal with the positive time, since (— oo, 0) can be treated 
similarly. By Proposition 12.51 we deduce from the assumption positively 
global solution u doesn't have scattering state u + at +oo that the nonau- 
tonomous equation (|2.1ip blows up at s = l(i.e., Sm(0,vo) = 1). Hence by 
Theorem 12.41 one has 

(4.9) lim sup \\v(s) ||#i = oo. 
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Furthermore, by Lemma 14.14 we get 



(4.10) \\Vv(s)\\l 2 >C(l-s)- 2d 



for some constant C > and all s G [0, 1). Note that A > 0, a < 4, we 
deduce from (|2.15[) that ^Ex(s) < 0, and so 

(4.H) ^IIVK* <E 1 (0) + -^(l-s)^\\v(s)\\lt^. 

Note that A > 0, ^ < a < ^(2 < a < 4, if d = 1), from (|4~10j) and (fiTTl) 
we infer that 



H S )||^ 2 >C7(1- S )- 2 ^ 

for some constant C > and all s G [0, 1). Thus it follows from identity 
(1^91) and (12T2D that 

(4.12) ||tt(i)||jr,a+a > C(l + t)" 2 S# /or all ie[0,oo). 

This indicates that the lower estimate (|4.7p holds for positive time (0, +oo). 
Furthermore, if d > 3, q = a(d), we deduce from (|2.16p and (|4.10p that 

^|| W ( S )||^ + 2 2 +^2(0) 

1/- v 4-ad .._ . , ll9 4 — ad f S , 2-qd 9 

= -(1-8)— ||v U ( S )||2 2 + _ r - jf (1-r)— ||V W (r)||2 2 dT 

> C + C" f (1 - r^dr > C7 + Clog(— !— ), 
Jo 1 - s 

from which we get immediately 

IK^II^^ciog^) 

for some constant C > and all s G [0, 1). Thus it follows from identity 
(|Z3D and ([ZED that 



(4.13) ||u(t) || L c+ 2 > C(l + t) 2 < Q + 2 ) [log(l + t)] 5+2 

for all i G [0, oo). This closes the proof of Proposition 14.21 for positive time 
(0, +oo), and the arguments for (— oo,0) being similar. □ 

When a > 4, there is an lower estimate of integral form. 

Proposition 4.3. Assume A > 0, | < a < < a < oo, if d = 1,2). 

Let uo G £ and u be the corresponding maximal solution of then if u 

is positively (resp. negatively) global and doesn't scatter at +oo(resp. —oo), 
then there exists a to > such that 

(4-14) | f (1 + |r|)||n(r)||«+ 2 2 dr| > C(l + \t\) 2d , 



for all t G [to, +oo) (resp. t G (— oo, —to]), where 6 is defined the same as in 
Lemma \4-1\ 
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Proof. We will only deal with the positive time, since (—00, 0) can be treated 
similarly. By Proposition 12.51 we deduce from the assumption positively 
global solution u doesn't have scattering state u + at +00 that the nonau- 
tonomous equation (|2.1ip blows up at s = l(i.e., Sm(P,Vq) = 1). Hence by 
Theorem 12^41 one has 



(4.15) limsup = 00. 

Moreover, by Lemma 14.1^ we get 

(4.16) ||V^)||i 2 >C(l- S r 29 

for some constant C > and all s £ [0, 1). From (|2.15p we can deduce the 
following identity 

(4.17) i||V«00||i, = 3l(0) + " s)^\\v(s)\\H 2 +2 

\(ad~4) f S ad-6 miq + 2 , 

Let h(s) = ^ Jo (! - r)^\\v(T)\\1tl2dT, using (OB|> and (gUP we get 

(4.18) (1 - S )^((l - S )^M«))' S > C(l " ^)" 29 

for some constant C > and all s G [0, 1). Note that a > -? and /i(0) = 0, 
by integrating the above inequality (|4.18p . we infer that 

(4.19) {l-s)^h(s) > C{(l-s)- 2e+ ^ -1} /or a// s E [0, 1). 

Since a > 4, one easily verifies that —20 + 4 ~ 2 " rf < 0, thus there exists a 
< so < 1 such that 

(4.20) h{s) > C{1 - s)- 2e 

for all s 6 [s , 1). Applying ([231) and (|2TT2l . (jCTD yields 

(4.21) Al + r)||n(r)||^ 2 dr>C(l + t; 

JO 

for all i € > +00). This closes the proof of Proposition 14.31 for positive 
time (0, +00), and the arguments for (— 00, 0) being similar. □ 

5. SCATTERING THEORY FOR THE FOCUSING NLS 

As is well known, if a > a(d), scattering theory holds in whole £ space in 
the defocusing case (see [HJ [151 ETJ) , this section is devoted to the studying 
on the scattering theory for the focusing NLS. 

For AeR, a(d) < a < -^{a{d) < a < 00, if d = 1, 2), let 

( 5 -!) IMUoo = sup t p \\u(t)\\ L c+2, [Ml Woo = sup ^\\ e%tA( P\\L<*+2, 

0<t<oo 0<t<oo 

where f3 = ^(a+l) • Cazenave and Weissler proved in [4] that there exists 
Eq > with the following property. Let uq G i/ 1 (]R d ) and let u be the 



29 
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corresponding unique, maximal strong H 1 solution of (jl.ip . if ||«o||Woo ^ 
e < eo, then the solution u is positively global, and IMIxoo < 2e. The same 
conclusion also holds for (— oo,0) with the usual modification. 

So it's natural to ask if uq G E satisfying HuollvKoo — £ o> does the cor- 
responding global solution u scatter in E? In the defocusing case, it's well 
known that the answer is yes; as to the focusing case, we will give a positive 
answer below. 

Theorem 5.1. Assume A > 0, a(d) < a < if d> 3, and 4 < a < oo, if 

d = 1. Let uq £ E and let u be the corresponding unique, maximal solution of 
Then there exists e$ > such that, if WuoWw^ < then the solution 
u is positively global and scatters at +oo in E. The same conclusion also 
holds for (—co,0) with the usual modification on assumptions. 

Proof. We have known that (see [SI H]) there exists a eo > 0, such that if 
I \uo 1 1 Woo < £o> then the solution u is positively global, and 

(5-2) \\u\\ Xoo < 2e . 

This property also holds for any < e < eo- We will prove the scattering 
properties by contradiction arguments below. 

If d > 3, a(d) < a < 4, or d = 1, a = 4, we deduce from (|5.2p . (|5.ip and 
Proposition 14.21 that, if u doesn't scatter at +oo, then 

(5.3) C 1 (a,d)e (l + t) ~ > \\u(t)\\$* 2 > C(l + 1) ~ 

for some constants Ci, C > 0, and all f € [1, +oo). It is absurd if we take eo 
sufficiently small such that CjC\ > Eq- 

If d > 3, 4 < a < -Ak, or d = 1, 4 < a < oo, it follows from ([5\2]) . ([5T|) 



and Proposition 14.31 that, if u doesn't scatter at +oo, then there exists a 
to > such that 



(5.4) 



C 2 (a, d)e (l + tf e > f\l + r)\\u{rW L tl,dT > C(l + t 
Jo 



20 



for some constants C2,C > 0, and all t G [i ,+oo), where 9 is defined the 
same as in Lemma 14. 11 Therefore it is absurd if we take eo sufficiently small 
such that C/C2 > So- This closes the proof of Theorem 15.11 for positive time 
(0,+oo), and the arguments for (— 00, 0) being similar. □ 

Remark 5.2. Note that we can deduce from the isometric properties of 
(e l * A )tgK and dispersive estimate (refer to |3j) that 

(1 + \t\)^)\\e itA u \\ La+ 2 < C\\uq\\ a+ 2 

Since j3 < 9 ,°^ 9 n , we infer that llwollWoo < C|l n o|| sl 
rem 15. 1\ for a > a(d), there exists eo > such that if 



Inoll a+2 < eo, 



then the corresponding solution u is global and scattering states exist in 
E at ±00. 
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The concept "rapidly decaying solutions" (see Definition II. 2D plays an 
important role in the scattering theory for focusing NLS. When A > 0, 
a > a(d), Cazenave and Weissler obtained the scattering results for "rapidly 
decaying solutions" , in terms of which they characterized the sets 1Z± (refer 
to [2]). We will extend this work to the critical power a = a(d) below. 

Theorem 5.3. Assume A > 0, a = a(d) = 2-rf+VJH-i2d+ 4 and d > 1, 
d 7^ 2. Let uq 6E be such that the corresponding solution u is positively (resp. 
negatively) global with rapid decay (see Definition \l.$>\) . i.e., 

(5.5) IM| L a,oo(( 0iOo)iLa+ 2) < oo (resp. |M|l»>°°((-oo,o),z/*+ 2 ) < 
where a = ^z^tjz^ > then uq has scattering state at +oo (resp. —oo). 

Proof. By Remark 11.11 we need only deal with the positive time t — > +oo. 
We consider separately the cases d > 3 and d = 1. 

First we consider the simpler case d > 3. We argue by contradiction and 
assume that u doesn't scatter at +oo. Thus by (|5.5j) . Proposition 14.21 and 
(|2.ip . we get immediately 

OO > IMIl^((0,oc),L Q+2) >C||(l + tr^2T[l0g(l+t)]^ 11^(0,00) 

> C||(l + t)- 1 [log(l + t)]M L x,^ 0)Oo) , 

which is absurd. This closes our proof for d > 3. 

Now we proceed to the case d = 1. We argue by contradiction and assume 
that u doesn't scatter at +oo. Then by Proposition 12.51 the nonautonomous 
equation (|2.1ip blows up at s = l(i.e., Sm(0, vq) = 1). Hence by Theorem 
12.41 one has 

(5.6) lim ||i>(s)||#i = oo. 

stl 

Since a = a(d) < 4, one can deduce from the energy estimates that the 
positively global u is bounded in if 1 (M d ), so by using (|5.6p and ()2. 13fl . we 
get 

(5.7) lim \\P t u(t)\\ L 2 = lim \\(x + 2itV)u(t)\\ L 2 = oo. 

t— >+oo t— >+oo 

On the other hand, it follows from (|2.6p and Strichartz's estimates that 

(5.8) \\PMT)\\L°°«t,T),L2) < C\\P t u(t)\\ L 2 + C||P T (|i i | a «(r))|Ui ((t>T)i£a) 

for any < t < T < oo. We define a multiplier Mt by Mi = e « . Then 
by Gagliardo-Nirenberg's inequality, combined with (12. 7j) and (|2.8j) we have 
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for any < t < T < oo, 

\\PAH a <r))\\ L l {{t>T)>L2) < C ^ \\u(T)\\^\\P T u(T)\\ L 2dT 

/T a(a + 2) 2a 

\\M_ T u\\ L aXt WM-M^ || P T u(r) || L 2dr 



T 2a a(a+2) 



< C J r-^|| U (r)|| L :+ 2 4 \\P t u(t)\\£+ 4 dr. 

Therefore, we deduce from the generalized Holder's inequality in Lorentz 
spaces (see Lemma |2.2|) that 

a(a + 2) 2a 3ct+4 

\\PA\u\ a u)\\ L i ((t , nL *) < C||«||^ ((0jTO)>L( , +a) ||r-^||^(t ) T)ll^r«||£c^ (tiT)>La) , 



and hence by assumption (|5.5f) and (15.80 we obtain that there exists a con- 
stant K independent of t and T such that 
(5.10) 

ll^>IU-((i,T),L2) < if||Pi«(t)||ia +-ftT||r a+4 \\L^(t,T)\\ P rU\\l^ tiT))L2 y 

Note that u G C((0,oo),£), so ||P T ^||L 00 ((t,T),L 2 )i s continuous and nonde- 
creasing about T on (t, oo) and note also that 

\\K u \\L°°((t,T),L 2 ) ^ \\ p Mt)\\ L 2, as T|t, 

thus we deduce from (|5.7p that there exists To £ (i, oo) such that ||-P T 'ii||.L°°((t 1 To),.L 2 ) 
(if + l)||P 4 u(t)|| i2 . Letting T = T in (loTTOj) . we obtain 

(5.11) \\P t u(t)\\ L 2 < K((K + l)\\P t u(t)\\ L 2)^\\r-^\\ L 2 A(t>To y 

2a 2a 3a-4 

Since by (|2.2p we have ||r a+4 IIl 2 . 1 ^,^) ^ ll r a+4 IIl 2 ' 1 ^,^) < 2 (°+ 4 ' , we 
deduce from (|5.1ip that 



3a+i 2a 3q-4 

1 < CK(K + l)-^\\P t u(t)\\£t t 5 ^+ 3y , 



and hence 



(5.12) \\PMt)\\ L 2 = \\{x + 2itV)u{t)\\ L 2 > Ctt-a 

for some constant C > and arbitrary t G [0, oo). Now taking the L^. 
coupling of the equation () 1 . 1 [> and it 2 An + t 2 L x ■ Vu — i—^-t 2 u and 
taking the real part, we obtain 

(5.13) d t N(t) = -(2 - ^)t^- 3 ||(x + 2W)u(t)\\h> 



where 

N(t) = t^f- 2 \\(x 4- 2?WWt N |ll?o - 

a + 2 



8A .od„ ,^, IQ , + 2 



(5.14) N(t) = t--'\\{x + 2itV)u{t)\\l2 - -"-t^IKvii^+s- 
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Integrating the identity (|5. 13)) . we get 
(5.15) 

ad-4 _ . . OA a>d .. , v , , ~, i o , OL(L . / aci-6 „ _ , ^ , , o 

t— ||P^||2 2 ___ t -|| n (i)||«+2 2 = A r(i)_(2-_) y r — ||P T n(r)||| 2f iT. 

Note that d = 1 and a = a(d) now, applying estimate (|5.12p . we deduce 
from ([EISD that 

-^f*K*)ll2&+tf(i) 

a + 2 

r— ||P r «(r)||2 2 dr 

> C + C J T~ l dT>C + C\ogt, 
from which we get immediately 

(5.16) \\u{t)\\ La+ 2 > Cf 5 *^ (log t)=+s 

for some constant C > and all i G [1, 00). Thus by (|5.5p . ()5. 16j) and (|2.ip 



we get immediately 

OO > ||«||i.,co ((0 , oo)j i-+ a) >C||(1+ *r 3 ^ 5T Pog(l + *)]^ 5 llL-.«(0,oo) 

> c||(i + i)-> g (i + #|| illM(0>oo) , 

which is absurd. This closes our proof for d = 1. □ 

The next Theorem indicates a sufficient condition on the initial data uq E 
S at a = a((i), which guarantees the corresponding global solutions have 
rapid decay as t — > ±00. Thus by Theorem 15.31 these initial values u$ have 
scattering states at ±00 when d > 1, d ^ 2. 

Theorem 5.4. Lei A E M, a = a(d) = ^SS , d > 1, and Ze£ 

2a(a + 2) 



4-a(d-2) 

There exists £0 > suc/i i/ioi, i/uo E id 2 n F(H 2 ) C S and i/iere exists an 
admissible pair (/x, z/) mi/i max{%^, 2} < v < a + 2 satisfying 



2 



d+a ' ■ 

,itAiY„ 1 n„-T7\„. ill 1 11 „it A „ 



(5.17) sup (t + l)M{[|e ,tA [(x + 2»V)«o]||l- + ||e* tA «o||W < eo, 

0<t<oo 

or respectively, 

(5.18) sup (|t| + l)M||e i ' A [(x + 2iV)n ]|| L , + ||e itA n ||L,}<eo, 

-oo<t<0 

i/jen £/ie corresponding maximal solution u of $1.1]) is a positively (resp. neg- 
atively) rapidly decaying solution(see Definition \l.$fy . Moreover, 

u E L q ' 2 ((0, 00), W^ r (R d )) (resp. u E L q ' 2 ((-oo, 0), W ltr (R d ))), 

Pn E L 9 ' 2 ((0,oo),L r '(IR d )) (resp. Pu E L 9 ' 2 ((-oo, 0), L r (R d ))), 
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where operator P = x + 2itV and (q, r) is an admissible pair with r = a + 2, 
therefore scattering state exists in £ at +00 (resp. —00). 

Proof. By Remark m we need only to deal with the positive time (0, +00). 
Since a = a(d), by energy estimates, it's well known that the solution u is 
global and bounded in moreover, u E C(M, £). Thus we have v(s, y) 

(the Pseudo-conformal Transformation of u(t, x), see Section 2) defined by 
(|2,10p satisfies the nonautonomous integral equation (|3.ip on the interval 
(0,1), and v £ C([0,1),E). 

Therefore, by applying the dispersive estimates(see [3]) and Holder's in- 
equality to the integral equation (|3.ip . we have 
(5.19) 

f' S d-4 2 

||v(s)||wi,* < ||e* sA fo||vK 1 ^ + C / (1 - T ) SL ^ _ ( s - T )~ 11 INT-s^ ||u||wV'd7". 

Jo L " 

Note that by definition of the Pseudo-conformal Transformation (see (|2.9|) . 

(|2.10p and f|2.12j> ) . one easily verifies that the condition (15.17P is equivalent 

to 

(5.20) sup ||e lsA uo|| l 4/i.>' < ^o- 

a6[0,l) 

Note also that a = a(d), max{ , 2} < v < a+2, so we have (M d ) <^ 
W 1,v (M. d ) and + | < 1, hence by Holder's inequality we get 

(5.21) / (1 -T)^(s-T)~TidT < C(i/,d). 

JO 

Set $(s) = sup Tg [ 0jS ] ||v(r) for < s < 1. Then we can deduce from 
fling]) , flE20D and (f5T2H) immediately that 

(5.22) $(s) < e + C$(s) a+1 /or a// < s < 1. 

Since no G H 2 PiJ-(H 2 ), it follows from a trivial continuation arguments (similar 
to the proof of Theorem 13.11 we omit the details here) that if £0 is small 
enough such that C(2eo) a+1 < £o> then 

(5.23) sup ||u(s)||ppi lV < 2eq. 

sS[0,l) 

Since max{ d ^+<^ 1 2} < v < a + 2, which implies L a+2 W 1,p ', we have 

sup ||u(s)|| i a ! +2 < C sup \\v(s)\\\yi,v < 2C(is,d)eo, 
se[o,i) ' se[o,i) 

combined with identity (|2.12p . we infer that 

(5.24) \Ht)\\ La+ 2 < 2Ce {t + l)~ l / a . 
Therefore, we have 

(5.25) lkl| J L-((o,oo),L°+ 2 ) < 2C{v,d)e Q , 

which implies that u is a positively rapidly decaying solution. Thus by 
Theorem 15.31 if A > 0, d 7^ 2, scattering state u + exists at +00. 
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Furthermore, by using the Strichartz's and Holder's estimates in Lorentz 
spaces(see Lemma [273], Lemma [272]) . we get there exists K independent of T 
and uq such that 

(5.26) |M| L? ,2(( 0jT ) jly i,r) < X||u || H i + ^||M||i<.,<x,((o,T),L'-) l u llf. 2 ((0,T),W 1 .'') 

for every < T < oo, where (q,r) is an admissible pair with r = a + 2. 
Thus by continuation arguments, one can easily deduce from (I5.25|) and 
(pT726]) that if e is sufficiently small such that 2 a+1 K(Ce ) a < 1, then 

(5.27) IMlL9,2(( ,oo),w n .'') < 2K \\ u o\\h 1 - 

Similarly, one can easily obtain from Srichartz's estimates and (|5.25j) that 

(5.28) \\{x + 2^VH| L9 ,2 ( ( 0)Oo))L r) < 2K\\xu \\ L 2. 

Applying Strichartz's estimate in Lorentz spaces(Lemma I2.3p . combined 
with ([5725]) . ([5727]) and (|5728l) we get for any < t < s, 

\\e- itA u{t) - e- isA u(s)\\ H i < C||u|| X9 , 2((t)S))W n,r ) -> 0, 

\\x(e- itA u(t) - e- isA u(s))\\ L 2 < C\\(x + 2ttV)«|| £ „ 2((tia))£ r ) -> 0, 

as t, s — > oo. Therefore, the above two estimates implies that, for general 
d > 1, the scattering state u + exists in E at +oo. □ 

We will apply Theorem [53 to certain type of initial data below. In Corol- 
lary [575] we will show that when a = a(d), if the initial data is "sufficiently 
oscillating", then the corresponding solution will scatter at ±oo, note that 
the 1? norm of these initial values is unbounded. 

Corollary 5.5. Assume A € M, a = a{d), d > 1. For arbitrary ip G 
H 2 n J-(H 2 ) C E, given b € R, and let Uf, be the corresponding maximal 

. b]x\ 2 

solutions of with the initial values Ubfi = e (e l * ip), then there exists 
< &o < °° such that if b > bo, the solutions are rapidly decaying as 
t — > oo, therefore scattering states exist at +oo and ut>fi S TZ+. The 
same conclusions also hold for (— oo,0) provided b < — &o- 

Proof. By Remark II .11 we need only to deal with the positive time (0, +oo). 
Applying Theorem \5A\ the key point is to show that condition (|5.17p is 
satisfied for certain special choice of admissible pair (p,,^)- 

Here we fixed fx = 4(d+ ^ a+2) and u = (d +g>+ 2) to prove (|K7l7]) . It's 
obvious that such choice of (/xo,fo) satisfies the conditions in Theorem \5A\ 

and u bfi = e iA (e iM ^<p) G H 2 r\F{H 2 ) for any b G R and tp G H 2 C\F(H 2 ). A 
direct calculation, based on the explicit kernel of the Schrodinger group(refer 
to [3] for a review) shows that 

(5.29) [e^{j^ip)\{x) =e i $+^[D ± e^^i^ix), 
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where the dilation operator Dg, /3 > 0, is defined by Dquj(x) = /3^u(/3x). 
Note that by (|5.29p and simple calculations, we get 

(5.30) sup (t + l)^{||e itA [(x + 2iV)«6,o]||L«o + ||e 4 * A n fei0 ||L-o} 

0<t<oo 

= sup ^{lle^^^^ll^o + lle^^^^H^o} 

l<i<oo 

2 

= sup -2— { ||e i+M (xy?)^^ + ||e !+ M ^H^o} 

i<t<oo (fa + iy 

2 

< sup x^ll^H^n^H 2 ) ^ C6 M0 — > °> 

l<t<oo + X)m 

as 6 — )• oo. Therefore, there exists a < 6o < °° such that, if b > bo, then 
initial data u^q satisfies the condition (|5,17p . The result now follows from 
Theorem 15.41 □ 

Applying Theorem 15.31 and Corollary 15.51 we now characterize the sets 
TZ^ in the case A > 0, a = a(d) in terms of rapidly decaying solutions. Our 
result extends the work of Cazenave and Weissler in [2] (see Theorem 4.12 
therein), which is devoted to the case a > a(d). 

Theorem 5.6. Assume A > and a = a{d) = 2 ~ d+V f/ 1M — , and let 
u v be the corresponding solution of with initial data u(0) = (p. If 

d > 1, d ^ 2, 7Z + = {(p G S; u v has rapid decay as t — >■ oo} and 1Z- = 
{tp E S; u v has rapid decay as t — oo}. Moreover, for d > 1, TZ± are 
unbounded subsets of L 2 (M. d ). 

Proof. By Remark 11.11 we need only show the result for 1Z+. First, if ip E 
TZ + , then 

\\(x + 2itV)u^\\ L 2 < C, 
and hence by Gagliardo-Nirenberg's inequality, we have 

IK(*)IU«+ 2 < c ( rl \\{ x + 2^V)n^|| L2 )"^2) < Ct"5?^I. 

Therefore \\u ip \\ L a,c a ^ 0tOO ^ La +2^ < oo, that is, u has rapid decay as t — > oo(see 
Definition 1 1 . 2() . Conversely, if cp G S be such that u v has rapid decay as 
t — > oo, then by Theorem 15.31 for d > 1, d ^ 2, the scattering state exists in 
S at +oo, i.e., ip G 1Z+. This closes the proof for the first assertion. 

Now consider arbitrary t/j G H 2 n J-(H 2 ), and let u^o = e lA (e* '4' ■0), it 
follows from Corollary 15.51 that Tibfl G 7?.+ , for b large enough. Note that 
||«&,o||l2 = HV'IIl 2 ) it follows that TZ + is unbounded subsets of L 2 (M. d ). □ 

Next, We will investigate the scattering theory in £ for focusing NLS with 
a > 2 an d initial data uq G S below a mass-energy threshold and satisfying 
an mass-gradient bound. For the H 1 scattering results, see [BEIE]- 
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Theorem 5.7. Assume A > 0, d>l, | < a < ^ ( a G tii' 00 )' »/^= 1> 2 J- 
If initial data uq G £ satisfies the following assumptions: 

_i_ 4 

(5.31) ||m ||l2<A -||Q||l2, fora = -, 

or 

(5.32) M[«o]'S[tio] < A- 2r M[Q] ff S[Q], 

(5.33) ||no||^||Vn || L 2 < A- T ||Q||£ 2 1| V<3|| X 2, /or a > ^, 

i/ien scattering states exist in £ a£ ±oo, where a = 4 ~^j~^" , r = arf 2 _ 4 
and Q is f/ie ground state solution to —AQ + Q = \Q\ a Q- 

Proof. Note that the conditions in Theorem 15.71 is invariant by taking com- 
plex conjugation, so by Remark 11.11 we need only prove the results for 
positive time t — > +oo. Throughout our proof, we define 

v(t, x) = e 1 « u(t, x), 

where u(t,x) is the corresponding maximal H 1 solution of (jl.ip . We con- 
sider separately the cases a = 4 and a > 4 . 

Case a = 4. It has been proved by M. Weinstein in [22] that the maximal 
H 1 solution of (jl.ip is global and bounded in if 1 (M d ). To prove the scatter- 
ing results, we argue by contradiction and assume that u doesn't scatter at 
+oo. Then by Proposition 14.21 we have for all t £ (0, +oo), 

(5.34) \\u(t)\\ La+ 2 > C(l + |t|)~^\ 

where 9 > is defined the same as in Lemma f4.ll Note that the conservation 
of mass and Gagliardo-Nirenberg's inequality imply that 

(5-35) l\\Vv(t)f L2 < E[v(t)] + -^C GN \\Vv(t)\\ 2 L2 \\u \\l 2 , 

and the best constant Cqn = ^2^IIQIIi"( see Corollary 2.1 in |22j). where 
Q is the ground state solution to — AQ + Q = \Q\ a Q- Thus we can deduce 
from (pT3Tj) and (15T35]) that 

(5.36) \\Vv(t)\\ 2 L 2 <CE[v(t)}. 

Since a = 4, the pseudo-conformal conservation law () 1 . 5 j) becomes a precise 
conservation law 

(5.37) 8t 2 E[v(t)} = \\xu \\ 2 L2 , 
combined with (|5.36j) . we get 



u, 



a L t+2 = \\v(t)\\ Q L t+2 < CE[v(t)]\\u \\ Q L2 < Ct~* for all t £ R, 



which contradicts (|5.34p . This closes our proof for a = 4. 

Case a > 4. By scaling, we may assume A = 1. We first recall some basic 
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properties of Q, the ground state of — AQ + Q = \Q\ a Q, by Pohozaev's 
identity(see e.g. Corollary 8.1.3 in [3]), 



,,38) ||Q|| ^i^| |VQ ||^i^||Q||- 



Using (|5.38|) . the best constant in the Gagliardo-Nirenberg's inequality 

(5-39) MZt+2 < C GN \\u\\^f^\\Vu\\f 2 

can be given by 

(5.40) C GN = ^±^[\\Q\\l 2 \\VQ\\ L2 ]-^. 

Define f(x) = \x 2 — c c ^ x~ for x > 0. It follows from Gagliardo-Nirenberg's 
inequality (15.391) . energy conservation and (|5.32j) that 

(5.41) f(\\uo\\h\\Vu(t)\\ L2 ) < M[u YE[u Q ] < M[Q] a E[Q], 

and note that if we take ui = Q, then we get equality in (|5.39p . we infer 

(5.42) f(\\uo\\h\\Vu(t)\\ L2 ) < f(\\Q\\l,\\VQ\\ L2 ). 

Since ||VQ||x,2 is a local maximum point of /, we deduce from the 

continuity of ||V«(i)||£2 in t, the initial mass-gradient bound (|5.33j) and 
(15121) that 

(5.43) ||u ||£ 2 ||V«(t)|| Z 2 < \\Q\\l 2 \\VQ\\ L 2 for all t G [0,T max ), 

which implies the maximal solution u is positively global in time and bounded 
m H 1 ^). Thus we deduce from the Gagliardo-Nirenberg's inequality that 

(5.44) l|v«(t)||| a < -^zri E H f° r al1 t G [0,+oo). 

Define a constant 770 > by 770 = ^0(^0 ) = i^TCT^MOT ' ^ f° nows form (|5.32p 
that 770 < 1. Using Pohozaev's identity (|5.38p and (|5.44|) . we get 

/ laid 1 I 

(5.45) |KH2 2 ||Vu(t)|| i2 < ^— (MM'EH)3 < nUQWlAWQWv- 

Note that by the pseudo-conformal conservation law (jl.5p . energy conserva- 
tion and (I5.44p we have 

l|V«(t)||i, = + l|V^(t)||| 2 - + -^^2 ^^1^(^)11^^ 

(5.46) < l^ii + ||Vn(t)||| 2 -2£:M + | J \E\u\dT 



= iL ^F + ilv«(t)i&. 

Therefore, we deduce easily from (|5.46p that, 
(5.47) \Wv{t)\\\ 2 <r,^\\Vu\\ 2 L2 
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for a11 ^ *> = wiSi )1/2 " In view of ™ and ™> 

we get immediately 

(5-48) NIIM|Vv(t)||i a < 4||Q||£ 2 ||VQ|| i2 

for all t > to- Applying Gagliardo-Nirenberg inequality (|5.39j) and (15. 48ft . 

we get 

(5.49) \Ht)\\ni < ^^fh^immh < ^^^EMt)] 

for all t > to- Note that < r/o = ^T^pjw < 1> by the pseudo-conformal 
conservation law (|1.5|) . we have 

t 2 \\u(t)\\ a L t 2 +2 < ^Y^t^EHt)] 

(5.50) < ^^^[v(to)]+2^ ^r\\u(T)\\^dr 
for all t > to, therefore we deduce from Gronwall's inequality that 

(5.51) inmitz* <ct~ 2 ^^^ 

for all t > to- Note that < r/o < 1, (|5.5ip implies that 

(5.52) \\u(t)\\ La +2 -> 0, 

as t — > +oo. Since a > |, by Strichartz's estimates and continuation argu- 
ments, one can easily obtain that 

(5.53) uGi«((0,oo),^ r (l d )), P t u = (x+2it\7)u € L 9 ((0, oo), L r (M d )) 

for every admissible pair (q,r), we omit the details here(see e.g. Theorem 
7.7.3 in [3], and following the proof of this theorem with Ptu instead of u). In 
particular, by identity (12J31) . u £ L°°((0, oo), i? 1 ) and P t u G L°°((0, oo), L 2 ) 
implies that 

(5.54) sup < oo, 

se[o,i) 

where i>(s) is the pseudo-conformal transformation of u(t). Thus by Theorem 
12.41 and Proposition 12.51 scattering state u + exists in £ at +oo. □ 

6. Convergence of scattering solution to a free solution 

Finally we study the asymptotic behavior of \\u(t) — e^u^Hs under the 
assumption exist at ±oo. In general, since e** A is not an isometry of 
S, it is not known whether we can deduce \\u(t) — e^^u^W^ — > from the 
scattering asymptotic property ||e _liA u(t) — u^Hs — > 0. A positive answer 
has been given by Begout PQ for d < 2, a > ^, and 3 < d < 5, a > ^r^- Our 
results in this section extend this work to spatial dimension d < 9 and wider 
admissible range of a under certain suitable assumption on initial data uq. 
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Lemma 6.1. Assume AeR \ {0}, \ < a < ^i(| < a < 00, if d = 1,2), 
and uq G 7Z.±, u G C(R, 3D) is £/te corresponding global solution of U.l\) . 
Then for any admissible pair (q,r), we have if furthermore a > then 

u G L q (R, W 1,r (R d )). 
Proof. For the proof, refer to Begout [I], Proposition 3.1. □ 



Theorem 6.2. Assume A G R\ {0}, d > 3, \ < a < ^ and no G 7£±, u G 
°, E) zs the corresponding global solution of M.l\) with scattering states 



u± at ±00. We assume further that uo G £ D , where p = 2 d-a(d-2) > 
then if 3 < d < 9, a > 3^2 , we Ziaue 

lim \\u(t) -e^^Hs -> 0. 

i— >±oo 

Remark 6.3. Note that for 3 < d < 9, we have ^ < < mm {aT2> 3^2 }> 
however, when d > 10, we have > ^2- 

Proof. By Remark ll.l| we need only prove the results for positive time 
t — > +00, for the negative time t — > —00, we can change uo to uo and 
correspondingly change u{t) to u(—t) to reach the conclusion. Note also 
that the Schrodinger group is isometric on H 1 , it's obvious that we have 
\\u(t) — e ltA u + \\i{i — >• 0, as t — > 00, we need only prove 

lim \\x(u(t) - e itA u + )\\ L 2 =0. 

t— >oo 

Let (7, p) be an admissible pair with p(a) = 2 d-a(d-2) ' an( ^ ^ P = 
p(x) = X7 and p be such that - + p = ^, where x is any number satisfying 
2 < % < 1. Since uo has scattering state u + at +00, by Proposition 12.51 and 
Theorem 12.41 we have 



(6.1) sup ||t>(s)||#i < 00, 

se[o,i) 

where v(s) is the pseudo-conformal transformation of u(t). Then by Sobolev 
embedding and (|2.12p . we infer 

(6.2) sup (l + t)\\u(t)\\ jm_ < 00. 

te[o,oo) Ld ~ 2 

By applying the dispersive estimate and Hardy-Littlewood-Sobolev inequal- 
ity (see [T7j) to the Integral equation (jl.2p . combined with (j6.2j) . we get 

ll' u lliP((l,oo),W r1 ^) 

00 2p /"* 



< C{ / t 7 dt)p||« [| w iy + C|| / (t-r) ^||u(t)|| q 24 ||M(r)|| w i,pdr|| LP(li0o) 

Jl JO 

< C + C\\\\u\\ a 2d WAw^A L& (l,oo) 

L d 2 



f°° a P 14-1-3 

< C + C(/ (1 + r) P +i-3xdr) 1+ ? T[| u [| i7((lj0o)>wrllP) . 
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Since 3 < d < 9, a > > 3+6" 1 one eas Y easily verifies p+ "^ 3x > 1 for all 

X £ (5, 1), thus we have 

r°° ap 1,13 

(6.3) (y (1 + r) p+!-3xd T ) + p 7 < 00. 

Note that a > 3( ^ +2 > by Lemma 16, 11 we have 

(6-4) \\ u \\L~f((0,oo),W 1 -P(R d )) < 00 • 

Therefore, we deduce from the above three estimates that 

(6.5) neL p(x) ((0,oo),W 1 '"(R d )) 
for all X G (5, 1), a > ggg. 

Now let -ff(x) = (rf + 6)x+^-2 ' ^ or ^ < X < 1- One easily verifies that H(x) 
is monotone increasing on the interval (5,1), and we have 

1 6 

lim H(y) = . 

Therefore, for arbitrary fixed < «o < 3^2 j there exists a xo £ (^>1) 
such that 

(6.6) a > H( Xo ). 

Let the corresponding index p = p(xo) = Xo7o and 70 = 7(0:0) = ( d -% ao ■ 
po = /o(«o) ; from (|6.2|) . (|6.5p and ()6.6|) we deduce that 



a QPQ — 

(1 + r) po-i-xodr) to po \\u\ 
< C(l + t) ij 



LPo((t,oo),iy 1 >''o) 



for any i > 0. Thus by Strichartz's estimates, we have for all t > 0, 

(6.8) \\e- UA u(t)-u + \\ m < Clllurtill^^^j < Cil + t)-^- 1 ). 

Applying the commutative properties of the operator Pt = x + 2itV(see 
(|2.6p ). a simple calculation shows that 

(6.9) x(u(t) - e itA u + ) = e itA [x(e- itA u{t) - u + ) + 2itV(u + - e - itA u(t))}. 



Using (16. 8ft and (16. 9j) . we have 

||x(u(t) - e itA u + )\\ L 2 < \\x(e- itA u(t) - u + )\\ L 2 + 2t\\V {e~ itA u{t) - u + )\\ L 2 

(6.10) < \\x{e' itA u{t) -u + )\\ L 2 +C{l + t)~ 2( ^k)^ ] . 

Note that uq G 72.+ , so we get 

(6.11) ||x(e- itA n(t)-n + )|| i 2 ^0, 
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as t — > oo, note also by (16. 6|) . we have jj-°° ) — 1 > 0, thus we deduce from 
(ESQ) that 

(6.12) ||x(<u(t) -e itA u + )|| L 2 -+0, 

as t — )■ oo, it's the convergence that we need. Note that ao is an arbitrary 
number satisfying ao £ (33x3, Tjrf); thus we have proved the conclusion for 
all 3^ <a<^,3<d<9. □ 
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